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We study the problem of existence of finite energy monopole solutions in the Weinberg-Salam
model starting with a most general ansatz for static axially-symmetric electroweak magnetic fields.
The ansatz includes an explicit construction of field configurations with various topologies described
by the monopole and Hopf charges. We introduce a unique SU(2) gauge invariant definition for the
electromagnetic field. It has been proved that the magnetic charge of any finite energy monopole
solution must be screened at far distance. This implies non-existence of finite energy monopole
solutions with a non-zero total magnetic charge. In a case of a special axially-symmetric Dashen-
Hasslacher-Neveu ansatz we revise the structure of the sphaleron solution and show that sphaleron
represents a non-trivial system of monopole and antimonopole with their centers located in one
point. This is different from the known interpretation of the sphaleron as a monopole-antimonopole
pair like Nambu’s ”dumb-bell”. In general, the axially-symmetric magnetic field may admit a helical
structure. We conjecture that such a solution exists and estimate an upper bound for its energy,
Ebound = 4.65 TeV.
PACS numbers: 11.15.-q, 14.20.Dh, 12.38.-t, 12.20.-m
Keywords: monopoles, Weinberg-Salam model
I. INTRODUCTION
One of puzzling questions in modern high energy
physics is whether monopoles exist in realistic theories
of fundamental interactions. The well known singular
monopoles [1–3] can not represent physical observable
objects. Discovery of such solely existing monopoles
of pure electromagnetic (or gravitational) nature would
break the present fundamental laws of physics. In this
regard, composite monopole solutions described within
the framework of the standard electroweak model could
be more favorable candidates for monopoles expected to
be found at LHC [4, 5]. An important issue in search
of monopoles is to provide strong theoretical reasons for
their existence. So far known solutions either lack a regu-
lar structure or need essential extension beyond the stan-
dard model [6–8].
Yang-Mills-Higgs (YMH) theory with a complex dou-
blet Higgs field does not admit finite energy monopole
solutions. The reason is that finite energy Higgs field
configurations in the asymptotic region at space infin-
ity forms a three-dimensional sphere. Since a two-
dimensional sphere is contractible on S3 the relative ho-
motopy group pi2(S
3, S2) = pi2(S
3) is trivial and can not
provide the topological monopole charge. It has been
observed [8] that in Weinberg-Salam model the situa-
tion changes drastically due to presence of the hypermag-
netic gauge symmetry UY (1) which implies existence of
monopole solutions. Indeed, an example of such a solu-
tion is given by a singular Cho-Maison monopole [8]. The
question whether finite energy monopole solutions exist
in the Weinberg-Salam model has not been resolved so
far and represents an important issue.
In the present paper we undertake a systematic study
of possible monopole solutions in the Weinberg-Salam
model. Our consideration is restricted by the case of
static axially-symmetric magnetic field configurations. A
general ansatz for axially-symmetric solutions in the elec-
troweak theory was suggested in [9]. We propose an al-
ternative general axially-symmetric ansatz based on the
formalism of a gauge invariant decomposition [10–12] in a
natural basis frame mˆi (i = 1, 2, 3) in the internal space
of the group SU(2). The natural basis frame is deter-
mined by SU(2) triplet vector field mˆ ≡ mˆ3 constructed
from the Higgs field. A key point in our ansatz is an
explicit parametrization of the vector field mˆ in terms
of two arbitrary functions which determine the topol-
ogy of the Higgs field described by two topological in-
variants. Our approach allows to describe topology of
the Higgs and gauge bosons and trace the topological
origin of magnetic like solutions. Applying our ansatz
and finite energy condition one can find all possible lo-
cal solutions for the gauge fields and Higgs boson in the
asymptotic region at space infinity. For a wide class
of static axially-symmetric field configurations we have
proved that any possible finite energy monopole solution
must have a totally screened magnetic charge. We show
that finite energy monopole solutions with a non-zero to-
tal magnetic charge do not exist in the Weinberg-Salam
model. Possible finite energy magnetic solutions can be
represented by monopole-antimonopole systems or pure
magnetic field configurations only with vanishing total
magnetic charge. We will consider simple examples of
such two types of magnetic solutions.
In a special case of axially symmetric magnetic fields
with vanishing azimuthal magnetic field component the
general axially symmetric ansatz reduces to Dashen-
Hasslacher-Neveu (DHN) ansatz [13, 14]. Within the
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2DHN ansatz various sphaleron solutions were obtained
in the Yang-Mills-Higgs theory and Weinberg-Salam
model [13–19]. It was suggested to interpret the orig-
inal DHN sphaleron as a monopole-antimonopole pair
[20, 21, 23]. The interpretation was conditioned by use
of a special definition for the electromagnetic field ten-
sor which supposed to have ambiguity in its definition
[20–22]. One should notice, a physical concept and
the respective mathematical definition for the electro-
magnetic field as a physical observable quantity should
be unique and invariant under SU(2) gauge transfor-
mation. We show that the electromagnetic vector po-
tential can be uniquely defined in SU(2) gauge invari-
ant manner. With this we revise the internal structure
of the sphaleron and demonstrate that DHN sphaleron
represents a monopole-antimonopole pair with screened
monopole and antimonopole charges. Our view is differ-
ent from Nambu’s ”dumb-bell” monopole-antimonopole
interpretation [20, 21, 23].
In general, the magnetic field may admit non-vanishing
helicity. We consider a simple possible magnetic solu-
tion in Yang-Mills-Higgs theory which possesses only the
azimuthal non-vanishing magnetic flux. Applying varia-
tional method we obtain an estimate for the upper energy
bound, Ebound = 4.65 TeV.
The paper is organized as follows. In Section II a gen-
eral ansatz for static axially-symmetric magnetic fields is
proposed. In Section III the problem of existence of finite
energy monopole solutions is studied. Internal structure
of the sphaleron solution is revised in Section IV. We
consider a new type of magnetic like solution with a non-
vanishing azimuthal magnetic flux in Section V. First we
find an exact numeric magnetic solution in a simple CP 1
model reduced from the Yang-Mills-Higgs theory. Then
we study the structure of a similar solution in a full Yang-
Mills-Higgs theory by using variational methods.
II. A GENERAL ANSATZ FOR STATIC
AXIALLY SYMMETRIC MAGNETIC FIELD
The bosonic part of the Weinberg-Salam model is de-
scribed by the following Lagrangian (µ, ν = 0, 1, 2, 3,
a, b = 1, 2, 3)
L = −1
4
(~Fµν)
2 − 1
4
(Gµν)
2 − |Dµφ|2 − λ
2
(φ†φ− v
2
2
)2,
F aµν = ∂µA
a
ν − ∂νAaµ + gabcAbµAcν ,
Gµν = ∂µBν − ∂νBµ,
Dµ = ∂µ − ig
2
~σ · ~Aµ − ig
′
2
Bµ, (1)
where ~Aµ and Bµ are the gauge fields corresponding to
the electroweak gauge group SU(2)×UY (1), and φ is the
Higgs complex scalar doublet.
The equations of motion have the following form
Dν ~Fνµ =
ig
2
(
φ†~σ(Dµφ)− (Dµφ)†~σφ
)
,
∂νGνµ =
ig′
2
(
φ†(Dµφ)− (Dµφ)†φ
)
,
DµDµφ = λ(φ
†φ− v
2
2
)2. (2)
To construct a most general ansatz for static axially-
symmetric magnetic field configurations we apply a gauge
invariant decomposition of the gauge potential in arbi-
trary orthonormal frame (nˆ1, nˆ2, nˆ3) in the internal space
of SU(2) [10, 11]
~Aµ = Aˆµ + ~Xµ,
Aˆµ = Aµnˆ+ ~Cµ,
~Cµ = −1
g
nˆ× ∂µnˆ, ~Xµ = X1,2µ nˆ1,2, (3)
where Aˆµ is a restricted gauge potential, ~Xµ contains two
off-diagonal components of the gauge potential, nˆ ≡ nˆ3
is a basic SU(2) vector field which determines the basis
frame nˆi (i = 1, 2, 3) in the group SU(2). The vector nˆ
satisfies the covariant constance condition
Dˆµnˆ ≡ (∂µnˆ+ gAˆµ × nˆ) = 0. (4)
For any given unit vector field nˆ the full SU(2) gauge
field strength can be decomposed into the Abelian and
off-diagonal parts in a gauge invariant manner
~Fµν = (Fµν +Hµν)nˆ+
Dˆµ ~Xν − Dˆν ~Xµ + g ~Xµ × ~Xν ,
Fµν = ∂µAν − ∂νAµ,
Hµν =
1
g
abcnˆa∂µnˆ
b∂ν nˆ
c = ∂µC˜ν − ∂νC˜µ, (5)
where the Abelian dual magnetic potential C˜µ is defined
by the vector field nˆ (up to dual Maxwell type U˜(1) gauge
transformation) [11].
The vector field nˆ can be expressed in terms of the
complex function u(x) or in terms of the complex projec-
tive coordinates ζ1,2 on the sphere S
2 by using a standard
stereographic projection
nˆ =
1
1 + u
∗
u
 u+
∗
u
−i(u− ∗u)
u
∗
u −1
 ,
u =
ζ1
ζ2
, nˆ = ζ+~σζ, (6)
where ζ1,2 form a unit complex SU(2) vector doublet.
We introduce an ansatz for the SU(2) vector field nˆ
which can be written for the complex function u(x) in
spherical coordinates as follows
u(r, θ, ϕ) = e−imϕ
(
cot(
nθ
2
)f(r, θ) + i csc(
nθ
2
)Q(r, θ)
)
,
(7)
3where (m, n) are integer winding numbers which spec-
ify the topological monopole charge, Qm, and the Hopf
charge, QH , of the magnetic field configuration Hmn
Qm =
1
A(S)
∫
S2
Hij · dσij ,
QH =
1
32pi2
∫
d3xijkC˜iHjk, (8)
where A(S) is the surface area of a sphere S2.
Let us consider a parametrization for the Higgs field
suitable for description of its topological properties. One
can parameterize the Higgs field in terms of a scalar field
ρ(x) and a unit complex SU(2) doublet ζ˜ with explicit
extracting the UY (1) exponential factor containing a field
variable ω(x)
φ =
1√
2
ρζ˜eiω(x),
ζ˜+ζ˜ = 1. (9)
In the following we will use a gauge condition ω(x) =
0. One can define a real SU(2) triplet vector field mˆ
constructed directly from the Higgs field
mˆa = φˆ+~σaφˆ = ζ˜+~σaζ˜,
φˆ =
φ
|φ| , mˆ
2 = 1, (10)
where ~σa are Pauli matrices.
The vector field nˆ in Abelian decomposition (3) does
not possess its own equations of motion and contains only
topological degrees of freedom. Another feature of the
gauge invariant Abelian decomposition is appearance of
two types of SU(2) gauge symmetries, so-called ”active”
and ”passive” ones [24]. Respectively, the vector nˆ trans-
forms in different ways under these two types of gauge
transformations. Contrary to this, the vector mˆ, (10),
is determined completely by a given Higgs field. So the
gauge transformation law for mˆ is fixed uniquely, and
the basis frame mˆi constructed from mˆ3 ≡ mˆ represents
a natural basis in the decomposition of the gauge poten-
tial. In general one can perform decomposition of the
gauge potential in various basis frames defined by any
vector field nˆ. To fix the arbitrariness of choosing nˆ one
should impose a constraint on nˆ and mˆ. In practical ap-
plications it is convenient to fix the vector nˆ using one-
to-one or double covering mapping between two spheres
defined by the vectors nˆ and mˆ.
For the gauge potentials Aµ, X
1,2
µ we adopt a most
general form given by arbitrary functions depending on
two spherical coordinates (r, θ). In the case of static mag-
netic fields one can choose a temporal gauge ~A0 = 0. It
is convenient to parameterize the Higgs field in terms of
three independent functions βk(r, θ) (k = 1, 2, 3)
φ =
1√
2
(β1 + iβ3, e
imϕβ2). (11)
In some cases it is suitable to change further the variables
and express βk in terms of a Higgs real scalar field ρ and
two angle functions T˜ (r, θ), S˜(r, t)
β1(r, θ) = ρ(r, θ) cos
T˜ (r, θ)
2
sin
S˜(r, θ)
2
,
β2(r, θ) = ρ(r, θ) sin
T˜ (r, θ)
2
sin
S˜(r, θ)
2
,
β3(r, θ) = ρ(r, θ) cos
S˜(r, θ)
2
. (12)
Note that parametrization (12) with the functions β1,2,3
corresponds in general to topology of a two-dimensional
sphere S2 for a constant valued Higgs scalar field
β21 + β
2
2 + β
2
3 = ρ
2. (13)
Our ansatz includes totally fifteen field variables which
satisfy fifteen equations of motion. The functions β1,2,3
are treated as initial independent variables of the Higgs
field, and in the following we will always use the original
Weinberg-Salam equations obtained by variation of the
Lagrangian (1) with respect to the fields Bµ, ~Aµ, β1,2,3.
To verify that our ansatz leads to axially symmetric
configurations let us consider the structure of the La-
grangian (1). It has been shown in [11] that within
the formalism of gauge invariant Abelian projection the
Yang-Mills part in the Lagrangian (1) describes a theory
of a charged matter field Xµ =
1√
2
(X1µ+iX
2
µ) interacting
with an Abelian gauge field Aµ+C˜µ. The original SU(2)
gauge transformation for the gauge fields can be written
in the form [11, 24]
δnˆ = −~α× nˆ,
δAµ =
1
g
nˆ · ∂µ~α,
δ ~Xµ = −~α× ~Xµ, (14)
which implies that the vector field ~Xµ transforms covari-
antly, i.e., it behaves as a matter field. By direct calcu-
lation one can check that ansatz (7) describes an axially
symmetric configuration for the magnetic field Hµν . So
that the axially symmetric form of the gauge potentials
Aµ, X
1,2
µ guarantees axially-symmetric configurations for
all fields and consistence with the equations of motion as
well.
Let us now consider definitions of gauge invariant
quantities in the Weinberg-Salam model. The hypermag-
netic field strength tensor Gµν is gauge invariant due to
the Abelian structure of the gauge group UY (1). For the
SU(2) gauge potential ~Aµ we apply a gauge invariant
decomposition in the natural basis frame (mˆ1, mˆ2, mˆ3 ≡
mˆ). Since the vector field mˆ belongs to an adjoint rep-
resentation of the group SU(2), the Abelian projection
onto mˆ direction provides a field tensor which is invariant
under SU(2) gauge transformation
F fullµν = ~Fµνmˆ
= Fµν +Hµν + gX
1
µX
2
ν − gX1νX2µ. (15)
4An important issue of the gauge invariant decomposition
is that for a given covariant vector mˆ one can define an
Abelian gauge vector potential Aµ of the Maxwell type
which is gauge invariant under arbitrary SU(2) transfor-
mation [10, 11]
Aµ = Aµ + C˜µ. (16)
This allows to define a corresponding SU(2) gauge in-
variant Abelian field strength
Fµν = Fµν +Hµν . (17)
The definition coincides with the ’t Hooft-Polyakov mag-
netic field tensor in YMH theory [6, 7]. With this we
can introduce a unique gauge invariant definition for the
electromagnetic gauge potential and neutral gauge boson
Aemµ = cos θWBµ + sin θWAµ,
Zµ = − sin θWBµ + cos θWAµ. (18)
One should stress, that for any given Higgs field config-
uration the expressions for Aemµ , Zµ are invariant under
SU(2) transformation and do not depend on a specific
choice of a gauge condition for mˆ. In a unitary gauge,
mˆ = (0, 0, 1), or equivalently ζ˜ = (0, 1), the expressions
for Aemµ , Zµ reduce to the standard definitions of the elec-
tromagnetic potential and neutral gauge boson in the
Weinberg-Salam model. A respective SU(2) gauge in-
variant electromagnetic field tensor is given by
F emµν = cos θWGµν + sin θWFµν . (19)
An alternative definition for the electromagnetic field
with using a full Abelian field tensor F fullµν instead of Fµν
was suggested in [20, 21]. However, a corresponding def-
inition for the electromagnetic vector potential contains
an SU(2) gauge non-invariant term Aaµφˆ
a, and, in addi-
tion, the Bianchi identities for the electromagnetic field
are not fulfilled anymore. So, such a definition can not
be accepted in a consistent manner.
The presence of the Abelian gauge potential Aµ allows
to define an SU(2) gauge invariant monopole charge, Qm,
and an analog of the Chern-Simons number, QCS ,
Qm = 1
A(S)
∫
S2
Fij · dσij ,
QCS = 1
32pi2
∫
d3xijkAiFjk, (20)
where A(S) is the area of a closed two-dimensional sur-
face S2.
Let us consider a reduction of the general axially-
symmetric ansatz to Dashen-Hasslacher-Neveu ansatz.
In Abelian decomposition of the gauge potential ~Aµ we
use the following parametrization for the vector nˆ in
terms of one function f(r, θ), or angle function T (r, θ)
equivalently
ζ1 = cos
T (r, θ)
2
=
cos nθ2 f(r, θ)√
cos2 nθ2 f
2(r, θ) + sin2 nθ2
,
ζ2 = e
imϕ sin
T (r, θ)
2
. (21)
The parametrization (21) corresponds to a special ansatz
(7) when Q(r, θ) ≡ 0. For the Higgs field we apply a
reduced parametrization (12) with the constraints
S˜(r, θ) = pi, T˜ (r, θ) = pT (r, θ), (22)
where the last relationship establishes a connection be-
tween the vectors nˆ (ζ) and mˆ (ζ˜), p is an integer num-
ber corresponding to cover mapping of the sphere S2.
Finally, a simple setting
A3r = A
3
θ = A
1
r = A
1
θ = A
2
ϕ = 0,
A2r = K1, A
2
θ = K2,
A3ϕ = K3, A
1
ϕ = K4, (23)
leads to a modified DHN axially symmetric ansatz
[13, 14] with four functions K1,...,4 and two functions β1,2
(or (ρ, T˜ )). Notice, equations of motion are obtained by
variation of the initial Lagrangian with respect to inde-
pendent variables K1,...,4, β1,2. In comparison with the
original DHN ansatz one has an additional field degree
of freedom represented by the function f(r, θ). A sim-
plest choice f(r, θ) = 1 leads to the original DHN ansatz.
Note thata in the case of a static magnetic field the DHN
ansatz implies that the azimuthal magnetic field compo-
nent Frθ vanishes identically. So, within the DHN ansatz
one can not describe magnetic field configurations with
a helical structure. In addition, the relationship (13) re-
duces to the following one
β21 + β
2
2 = ρ
2 (24)
which constrains the topology of the Higgs field config-
uration to a foliation R+ × S1, R+ is a half-line corre-
sponding to positive values of the Higgs scalar ρ.
For further numeric purpose it is suitable to write down
the energy functional corresponding to the Weinberg-
Salam Lagrangian (1) for static magnetic field con-
figurations in terms of dimensionless variables r →
rmW , k ≡ 2
√
λ/g = mH/mW , ~Aµ → ~Aµg/mW , C˜µ →
C˜µg/mW , Bµ → Bµg′/mW , ρ → ρ/v. In these vari-
ables the energy functional takes the following form
(m,n,= 1, 2, 3)
E =
mW
g2
∫
d3x
[1
4
~F 2mn +
1
4
κ~G2mn +
2|Dmφ|2 + k
2
2
(ρ2 − 1)2
]
, (25)
where κ =
g2
g′2
= 3.324, k2 =
m2H
m2W
= 2.441 and mW =
80.385 Gev , mH = 125.6 Gev, sin
2 θW = 0.23126. Nu-
5meric value of the mass factor in front of the integral is
mW
g2
= 203 Gev.
III. NON-EXISTENCE OF FINITE ENERGY
MONOPOLES WITH UNSCREENED MAGNETIC
CHARGE
The form of the Higgs potential in the Weinberg-Salam
model implies that finite energy Higgs field configura-
tions at space infinity must satisfy the condition |φ|2 = 1
which describes a three-dimensional sphere S3. This im-
plies that topology of the Higgs field in the asymptotic
region is determined by one non-trivial homotopy group
pi3(S
3) = Z. Topological classes of SU(2) gauge field are
described by the same homotopy group since the gauge
group manifold SU(2) is isomorphic to a sphere S3. Ab-
sence of the non-trivial second homotopy pi2(S
2) serves
as a strict argument against existence of finite energy
monopole solutions in YMH theory with a complex Higgs
field. In the Weinberg-Salam model the hypermagnetic
symmetry can be fixed in a consistent manner with the
standard unitary gauge by imposing a constraint ω = 0
in (9). This leads to appearance of additional two non-
trivial homotopy groups pi2,3(S
2) = Z which provide nec-
essary conditions for monopole and knot solutions in the
theory [8, 25, 26]. However, the problem of existence of
such solutions with a finite energy has not been studied
carefully so far. We consider this problem by studying
local solutions near the space infinity and taking into ac-
count the finite energy condition.
In the asymptotic region near space infinity the struc-
ture of monopole solutions is determined by behavior of
the radial magnetic field component Fθϕ, other magnetic
field components turn into pure gauge configurations. So
the DHN ansatz can be applied properly in the anal-
ysis of solutions in the asymptotic limit. For the case
of the Weinberg-Salam model the DHN ansatz can be
consistently extended by adding a hypermagnetic field
component Bϕ, all other components must be identically
vanished.
Imposing conditions T (r, θ) = nθ, i.e., f(r, θ) = 1, and
setting the parameter values (m = 1, p = 1, 2, n = 1, 2)
we can apply the DHN ansatz (21-23) and find regular
monopole like solutions. For other values of (p, n) we
didn’t find regular solutions. With this an explicit ex-
pression for the gauge invariant magnetic field Fmn can
be written as follows
Frθ = 0,
Frϕ = K1 sin(nθ) + ∂rK3 −K4K1,
Fθϕ = K2 sin(nθ) + ∂θK3 −K4(K2 + n). (26)
In addition we impose a gauge condition K1(r, θ) = 0 due
to presence of the residual gauge symmetry [13, 15, 27].
Let us consider possible solutions with a set of parame-
ters (n = 1, p = 1). For simplicity we restrict our consid-
eration by the limiting case λ = 0. To find proper bound-
ary conditions for the gauge field components Bϕ,K2,3,4
one can simplify the asymptotic expression for the energy
functional (25) in the lowest order of series expansion to
the following form
E =
∫
drdθdϕEasym,
Easym =
(
Binfϕ (θ) + (K
inf
3 (θ) + cos θ − 1)
)2
+(
Kinf4 (θ)− sin θ
)2
+
(
Kinf2 (θ) + 1
)2
sin2 θ +
O
( 1
r2
)
, (27)
where the asymptotic energy density Easym includes the
integration volume r2 sin θ, and Binfϕ (θ), K
inf
2,3,4(θ) are
asymptotic functions for the respective gauge fields at
space infinity. Finite energy condition implies the follow-
ing constraints
Kinf3 (θ) = 1− cos θ −Binfϕ (θ),
Kinf2 (θ) = −1,
Kinf4 (θ) = sin θ. (28)
In a weak coupling limit, g′ = 0, Bm = 0, the finite en-
ergy condition leads to vanishing the radial magnetic field
component Fθϕ (26) in asymptotic region in agreement
with the fact of absence of monopole solutions in pure
YMH theory. For the case g′ 6= 0 the structure of asymp-
totic solutions is more rich. Substituting the asymptotic
functions (28) into all equations of motion one can verify
that in lowest order approximation all equations are sat-
isfied except equations for Bϕ and K3. The full equation
of motion for the hypermagnetic field reads
−2
[
Bϕ − 1 + cos θ +K3
]
ρ2 +
κ
[
r2∂rrBϕ + ∂θθBϕ − cot θ∂θBϕ
]
= 0. (29)
The equation in asymptotic region reduces to two equa-
tions enclosed in square brackets. The first one gives the
same relationship between Binfϕ and K
inf
3 as in (28), and
the second one has a simple solution
Binfϕ (θ) = C1 + C2 cos θ, (30)
where C1, C2 are integration constants. The equation for
Kasym3 is the same as for B
inf
ϕ , and it gives the following
solution consistent with finite energy conditions (28)
Kinf3 (θ) = 1− C1 − (1 + C2) cos θ. (31)
With this a non-zero component of the Abelian gauge
invariant magnetic field tensor takes the form
Fθϕ = C2 sin θ (32)
which implies a finite magnetic flux through the sphere
of infinite radius, i.e., a non-zero magnetic charge. The
6energy density in the asymptotic region has Wu-Yang
monopole like behavior
Easym = C
2
2
2r2
(1 + κ) sin θ. (33)
In a similar manner one can find asymptotic solutions
for the gauge fields in the case p = 1, 2, n = 1, 2
Binfϕ (θ) = C1 + C2 cos θ,
Kinf2 (θ) = −pn,
Kinf3 (θ) = − cos(nθ)− (Binfϕ (θ)− 1) cos(n(p− 1)θ),
Kinf4 (θ) = sin(nθ)− (Binfϕ (θ)− 1) sin(n(p− 1)θ).
(34)
A corresponding asymptotic expression for the non-
vanishing component of the gauge invariant Abelian mag-
netic field is given by
Fθϕ = −∂θBinfϕ (θ). (35)
The asymptotic energy density has the same form for
various sets of parameter values (p = 1, 2, n = 1, 2)
Easym = C
2
2
2r2
(1 + κ) sin θ. (36)
As expected, the expressions for gauge invariant quanti-
ties like the energy density and magnetic field Fmn do
not depend on a choice of the parameter values (p, n).
Now it becomes clear that the non-vanishing contribu-
tion to the magnetic flux created by F emθϕ originates only
from the hypermagnetic gauge potential Bϕ. For non-
zero values of the integration constant C2 the hypermag-
netic field creates a non-vanishing magnetic flux through
the sphere of infinite radius. This implies that one has
a divergence of the hypermagnetic field at least in some
point inside the sphere. Since the hypermagnetic mag-
netic field is gauge invariant and divergenceless, the mag-
netic flux through any closed two-dimensional surface
must vanish, otherwise the magnetic field will possess a
singularity which will lead to infinite total energy. Note
that the energy functional (25) contains four terms each
of them is positively defined. Due to this an infinite
energy contribution of the hypermagnetic field can not
be compensated by contributions of the Higgs boson or
SU(2) gauge fields. We conclude, for any static axially-
symmetric finite energy monopole-like solutions the mag-
netic charge must be screened at far distance. The hyper-
magnetic field can not serve as a source of the monopole
with a non-zero magnetic charge localized inside any two-
dimensional closed surface. In other words, for any pos-
sible finite energy monopole solutions the magnetic flux
through the sphere of infinite radius must vanish, and
the magnetic flux of the hypermagnetic field through any
closed surface of a finite radius must be zero as well.
This implies immediately non-existence of a finite energy
solution representing a system of monopoles and anti-
monopoles localized in different points. In particular,
a finite energy Nambu type of monopole-antimonopole
does not exist at least for the case of static non-rotating
monopole-antimonopole pair.
IV. SPHALERON AS A
MONOPOLE-ANTIMONOPOLE PAIR WITH
SCREENED MAGNETIC CHARGES
Let us consider the case f = 1, Q = 0, (7), when the
general axially-symmetric ansatz reduces to the original
DHN ansatz. In the limit of small coupling constant
g′ the Weinberg-Salam Lagrangian for the bosonic fields
turns into the Lagrangian of Yang-Mills-Higgs theory by
simple setting Bµ = 0. So that, solutions of the YMH
theory represent approximate solutions of the Weinberg-
Salam model in lowest order of perturbation theory. In
this section we constrain our study by the case of YMH
theory in the limit λ = 0. Our goal is to study all possible
monopole like solutions within the DHN ansatz, (21-23).
With setting m = 1, T (r, θ) = nθ, T˜ (r, θ) = pnθ one can
find the following reduction ansatz in the case of param-
eter values (p = 2, n = 1)
K1 = 0,
K2 = −1 +K(r),
K3 = 0,
K4 = (1−K(r)) sin θ,
T˜ = 2θ. (37)
One can easily verify that ansatz (37) with a radial trial
function K(r) leads to the known DHN sphaleron solu-
tion [13, 15]. In a similar manner one can find a solu-
tion applying the DHN ansatz with parameter setting
(p = 2, n = 2)
K1 = 0,
K2 = −3 +K(r),
K3 = (1 +K(r)) sin
2 θ,
K4 =
1
2
(3−K(r)) sin(2θ),
T˜ = 4θ. (38)
The Higgs field ρ(r) and the function K(r) have only
radial dependence, but the whole Higgs complex scalar
doublet and gauge fields have axially-symmetric config-
uration. Another one axially-symmetric solution can be
obtained by using the ansatz with the set of parameters
(p = 1, n = 2)
K1 = 0,
K2 = −3−K(r),
K3 = (1−K(r)) sin2 θ,
K4 =
1
2
(3 +K(r)) sin(2θ),
T˜ = 2θ. (39)
7Parametrization of the functions K2,3,4 in terms of the
trial radial function K(r) is chosen in such a way that
final differential equations and boundary conditions for
the functions K, ρ are the same for all three solutions. Di-
rect substituting the ansatz into the equations of motion
reduces all equations to two ordinary differential equa-
tions
r2K ′′ = K(K2 − 1) + r2ρ2(K + 1),
r2ρ′′ + 2rρ′ =
1
2
ρ(1 +K)2. (40)
The energy density reduces to a simple expression
E = 1
r2
(
2r2ρ′2 +K ′2 +
(1−K2)2
2r2
+ ρ2(1 +K)2
)
. (41)
So that one has three gauge equivalent representations for
the DHN sphaleron. To solve the equations one choose
boundary conditions consistent with the finite energy
constraint
K(r = 0) = 1, K(r =∞) = −1,
ρ(r = 0) = 0, ρ(r =∞) = 1. (42)
Notice, the boundary values for the function K(r) corre-
spond to vacuum configurations for SU(2) gauge poten-
tial near the origin and in the asymptotic region at space
infinity. Numeric solution is depicted in Fig. 1.
FIG. 1: Solution for the functions K, ρ.
The total energy is calculated numerically, and its
value is 7.63 TeV in qualitative agreement with the en-
ergy estimate 8 TeV obtained in past for the sphaleron
in the Weinberg-Salam model (λ 6= 0) [15]. Notice, that
expressions for the Higgs vector field mˆ are different in
(38, 39), and the gauge field components K3 = Aϕ differ
in all three solutions. However, by explicit calculating
one can check that expressions for the gauge invariant
Abelian potential Am, (16), are the same for all three
gauge equivalent representations of the sphaleron as it
should be. A respective gauge invariant magnetic field
(17) has two non-vanishing magnetic field components
Frθ = 0,
Fϕr = K ′ sin2 θ,
Fθϕ = −(1 +K) sin 2θ. (43)
The solution possesses magnetic flux through the plane
(X,Y ) which is a multiple of 4pi
Φ|θ=pi2 =
∫ ∞
0
dr
∫ 2pi
0
dϕFϕr = −4pi. (44)
The radial vector magnetic field corresponds to the mag-
netic field component Fθϕ shown in Fig. 2.
FIG. 2: Magnetic field Fθ,ϕ.
The total magnetic flux created by Fθϕ through any
two-dimensional sphere centered at the origin vanishes
identically. However magnetic fluxes through the upper
and lower hemispheres H± do not vanish. One can con-
sider magnetic flux through the closed surface S± com-
posed from the upper (lower) hemisphere H± of radius
”a” and a disc D2 : {r ≤ a} in the plane (X,Y ). This
allows to define magnetic charges Q±m(a) of the monopole
and antimonopole which depend on radius ”a”
Φ±(a) =
∫ ±
H
dθdϕFθϕ ±
∫
D2
drdϕFϕr
= 4piQ±m(a). (45)
The magnetic flux through the disc D2 vanishes in the
limit a → 0. So, one can compactify the hemispheres
to spheres by identifying all points at the boundary of
each hemisphere. Magnetic flux Φ±(a) through the upper
(lower) hemisphere reaches a maximal value −4pi (+4pi)
in the limit a → 0. With this we obtain the maximal
values of the magnetic charges Qmaxm = ∓1 for the anti-
monopole and monopole placed in one point r = 0. Mag-
netic fluxes through the upper and lower hemispheres at
space infinity vanish, i.e., each of magnetic charges of the
monopole and antimonopole is totally screened at space
infinity.
It is known that total energy density of the sphaleron is
spherically symmetric. However, the energy correspond-
ing to the gauge invariant Abelian magnetic field Fmn
has axial symmetry. Notice, the energy density of the
Abelian magnetic field is not spherically symmetric, and
near the origin r ' 0 it is proportional to
E(F) ' 1
r4
cos2 θ, (46)
8which shows the presence of two relative maximums lo-
cated at the points (r, θ = 0) and (r, θ = pi), i.e., the
maximums merge in the limit r → 0. The existence of
a non-trivial solution for monopole and antimonopole in
the limit when they collapse at one point is an essential
feature of non-linear structure of the non-Abelian theory
[28]. Notice, in the case of Abelian theory like Maxwell
electrodynamics the Dirac monopole and antimonopole
have mutual attraction and collapse to a trivial solution.
The sphaleron solution in the Weinberg-Salam model
has a non-vanishing dipole magnetic moment [15]. To
explain this it was suggested in [20, 21, 23] to interpret
the sphaleron as a monopole-antimonopole pair which
resembles the Nambu’s dumb-bell [3]. Our considera-
tion demonstrates that with a proper definition of the
electromagnetic field the sphaleron solution represents a
monopole and antimonopole placed in one point at the
origin. One should notice, that one can still interpret
the sphaleron as Nambu’s ”dumb-bell” in the limit of an
infinitesimally small string. In this limit the monopole
and antimonopole become close to each other, and the
system represents a monopole and antimonopole merged
at a single point. One can verify, that asymptotic be-
havior of the magnetic field with our definition is the
same as in [15, 20], so that sphaleron has the same dipole
magnetic moment. A principal difference from the de-
scription in [20, 21, 23] appears in the structure of the
sphaleron at small distance, namely, the magnetic field
in our treatment has a singularity at the origin of the
type
1
r2
, whereas the definition for the electromagnetic
tensor with (15) accepted in [20] leads to regular behav-
ior. One should stress that singularity of the magnetic
field at the origin does not imply any inconsistences in
the theory due to the following reasons. First of all, the
sphaleron solution is regular everywhere and has a finite
total energy. This takes place due to mutual cancelation
of the contributions of the Abelian gauge field and off-
diagonal components of SU(2) gauge potential in (15). In
a fact, the magnetic field of the known ’t Hooft-Polyakov
monopole in YMH theory with a real triplet Higgs field
has the same singularity at the origin which does not
cause any inconsistencies. Secondly, the presence of such
a singularity in the electromagnetic part of the classical
sphaleron solution has rather a deep physical origin, and
it can be treated as a reflection of the quantum structure
of the Weinberg-Salam model. It is known that quantum
electrodynamics itself is not a consistent quantum theory
due to presence of a positive beta function which implies
existence of the Landau pole in the theory. Only within
unification of the electro-weak interaction one has a con-
sistent quantum theory with asymptotically free behavior
provided by a negative beta function. This effect holds
due to dominant contribution of SU(2) gauge fields to
the running fine coupling constant in asymptotic regime
at high energy scale. That means, at short distance in
quantum description of the sphaleron one should have
cancellation of contributions of the electromagnetic field
and off-diagonal SU(2) gauge bosons. So that, the sin-
gularity of the magnetic field of the classical sphaleron
solution will disappear in quantum description.
V. ON SOLUTIONS WITH TOPOLOGICAL
AZIMUTHAL MAGNETIC FLUX
To find a magnetic solution with a non-vanishing
azimuthal magnetic flux having topological origin one
should apply a general axially-symmetric ansatz and
solve fifteen equations of motion of the Weinberg-Salam
model which is a hard problem. We suppose that such a
solution exists and study its properties using variational
method. For simplicity we restrict our consideration by
the case of pure Yang-Mills theory. In this case one can
find a restricted ansatz which admits local solutions to all
equations of motion near the origin, r ' 0, and in asymp-
totic region, r ' ∞. Using these solutions we apply vari-
ational procedure to find field configuration minimizing
the energy functional.
First we provide a qualitative argument to existence
of a magnetic solution with a magnetic flux around Z−
axis. Let us consider a simple CP 1 type model defined
by the energy density obtained from (25) by keeping only
terms with the Higgs field components mˆ and ρ
E1 =
1
4
H2mn +
1
2
~C2mρ
2, (47)
where ~Cm is defined by (3) with nˆ ≡ mˆ. For simplic-
ity we replace the Higgs scalar field ρ with its classical
vacuum averaged value, ρ = 1. In this approximation
the energy density (47) defines a modified Skyrme model
which admits exact finite energy solutions [29]. Simple
scaling arguments based on the Derrick theorem [30] im-
ply that such a model admits stable static solitons. We
parameterize the CP 1 field mˆ with only one function
Q whereas setting the function f to a constant value,
f ≡ 1. Changing variable, Q = cot(S
2
), one can simplify
the Euler-Lagrange equation of motion for S(r, θ)
(r2 cos2 θ + 4 sin2 θ sin2
S
2
)Srr + (
1
r2
sin2 θ sin2 S +
cos2 θ)Sθθ +
1
r2
sin2 θ sinS
(
cosSS2θ − 4 sin2
S
2
+
3 cot θ sinSSθ
)
+
1
4 sin θ
(cos θ + 3 cos(3θ))Sθ −
2 cos2 θ(sinS − rSr) + sin2 θ sinSSr = 0. (48)
Finite energy condition allows the following boundary
conditions
S(0, θ) = 0, S(∞, θ) = 2pi (49)
which provide a total magnetic flux 4pi for the azimuthal
magnetic field through the half plane {y = 0;x ≥ 0}. A
regular numeric solution is obtained by using the package
9COMSOL for solving partial differential equations. The
results for the function S and energy density ECP 1 are
presented in Figs. 3, 4. The total energy is 18 TeV
FIG. 3: Solution for S(r, θ).
and the contribution of the first term in (47) is 51 %
of the total energy in agreement with the estimate 50
% based on Derrick theorem. Notice that homogeneous
configurations of the Higgs field ρ and f do not represent
real solutions to the original equations of motion of the
Weinberg-Salam model. We suppose that a real magnetic
solution with the helical structure might include non-
trivial field configurations for all field variables within
the general axially-symmetric ansatz.
Let us consider now the Yang-Mills-Higgs theory. We
choose a parametrization (9) for the Higgs complex dou-
blet with an axially-symmetric scalar field ρ(r, θ) (ω(x) =
0) and a complex scalar doublet ζ˜ determined by the
ansatz (7) with mˆ ≡ nˆ and winding numbers m = 1, n =
2. We impose a constraint f(r, θ) ≡ 1 and the following
boundary conditions for the function Q(r, θ)
Q(0, θ) = +∞, Q(∞, θ) = 0. (50)
At space infinity the Higgs triplet vector field mˆ takes
asymptotic form
mˆ =
(
cosϕ sin(2θ), sinϕ sin(2θ), cos(2θ)
)
. (51)
We decompose the gauge potential in the natural basis
frame
~Am(r, θ) = Am(r, θ)mˆ− mˆ× ∂mmˆ W (r, θ). (52)
Notice, in the case when the off-diagonal component
W (r, θ) equals one, one has an ansatz with five functions
Am, Q, ρ which reduces all equations of motion to five in-
dependent second order equations. This ansatz might be
too restricted since by SU(2) gauge transformation one
can rotate the vector field mˆ to a constant unit vector
(0, 0, 1) everywhere. With this the Lagrangian of YMH
theory becomes formally equivalent to the Lagrangian of
the Ginzburg-Landau model with a complex scalar field
in the unitary gauge. The ansatz (52) with the constraint
W = 1 can not admit finite energy solutions with a non-
zero azimuthal magnetic flux, so we keep a non-constant
off-diagonal gauge field W (r, θ).
FIG. 4: Energy density plot.
Direct substitution of the ansatz (52) into all equations
of motion leads to number of independent equations more
than number of unknown variables. We have solved all
equations of motion near the origin and in asymptotic
region in the gauge Ar = 0 and obtain local solutions
which are consistent with finite energy condition. The
solution at the origin r ' 0 can be found by perturbation
theory by series expansion as follows
G(r, θ) = C1r − C1r2 + C1
240ρ0
r3
(
120C2 +
ρ0
(− 37ρ20 + 4C21 (w0(w0 − 2) + 60))−
15
(
24C2 − ρ0(5ρ20 − 12C21w0(w0 − 2))
)
cos2 θ
)
,
W (r, θ) = w0 +
w0 − 1
48
r2
(
3
(
5ρ20 − 12C21w0(w0 − 2)
)
+
(− 7ρ20 + 4C22w0(w0 − 2)) cos(2θ),
Aθ(r, θ) =
C1
3
r3
(− ρ20 + 4C21w0(w0 − 2)) sin θ,
Aϕ(r, θ) = − 1
12
r2
(− ρ20 + 28C21w0(w0 − 2)) sin2 θ,
ρ(r, θ) = ρ0 +
1
24
r2
(
6C2 + 4C
2
1ρ0
(
3 + 2w0(w0 − 2)
)
+ 18C2 cos(2θ)
)
, (53)
where w0, ρ0 are free variational parameters for initial
values of W,ρ at the origin. We have performed a change
of variables Q(r, θ) → G(r, θ) = (1 + Q(r, θ))−1 which
is suitable for numeric purpose. The solution contains
only those independent integration constants which pro-
vide finite energy conditions and the symmetry under the
reflection (z → −z). In a similar manner one can find a
solution in asymptotic space region r ' ∞. The solution
includes an essential singularity which can be extracted
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in the exponential factor
G(r, θ) = 1 + C˜1
(e−r
r2
(1 + r) + Chi(r)− Shi(r)
)
,
W (r, θ) = 1− C˜2 e
−r
r
(1 + r),
Aθ(r, θ) = −2C˜1
(e−r
r2
(2 + 2r + r2)
+Chi(r)− Shi(r)
)
sin θ,
Aϕ(r, θ) =
(
2 + C˜3
e−r
r
(1 + r)
)
sin2 θ,
ρ(r, θ) = 1 +
C˜4
r
+
C˜5
r3
(1 + 3 cos(2θ)), (54)
where Chi(r),Shi(r) are the special cosine and sine hy-
perbolic integral functions, and for simplicity the Higgs
coupling constant λ is set to zero. If we take into account
a non-zero value for the coupling constant λ then the
Higgs scalar ρ will approach its asymptotic value in ex-
ponential form as well. We will apply variational method
to estimate the energy of the solution. To simplify vari-
ational procedure one can observe, that the minimum of
the energy requires a simple condition for the azimuthal
component of the gauge potential Aϕ(r, θ), namely
Aϕ(r, θ) = −C˜ϕ(r, θ) = 2 sin
2 θ
1 +Q2
. (55)
The condition (55) provides mutual cancelation of con-
tributions to the energy from the fields Hrφ, Hθφ and
Frφ, Fθφ respectively as it can be seen from the Abelian
structure of the field strength in (5). With this
we construct trial variational functions for the fields
(G(r, θ), Aθ,ϕ(r, θ),W (r, θ), ρ(r, θ)) in a consistent man-
ner with the known local solutions taking into account
first derivative terms as well. To make a qualitative es-
timate we consider radial dependent functions G(r), ρ(r)
and factorize the angle dependence of the gauge poten-
tials Aθ,ϕ(r, θ) as follows
Aθ(r, θ) = aθ(r) sin θ,
Aϕ(r, θ) = aϕ(r) sin
2 θ, (56)
where aϕ(r) is determined by equation (55). Minimiza-
tion procedure of the energy functional produces an up-
per bound for the total energy, Ebound ' 4.65 TeV. Varia-
tional profile functions W,G, aθ, aϕ, ρ minimizing the en-
ergy are presented in Fig. 5. A gauge invariant Abelian
magnetic field, Fmn, has only one non-vanishing com-
ponent, Frθ, which provides a non-zero magnetic flux
around the Z-axis
Φϕ =
∫
drdθFrθ =
∫
drdθHrθ = 2pi. (57)
One can extract the energy density E(F) = 1
4
F2mn corre-
sponding to the Abelian magnetic field Fmn, (17). Note
FIG. 5: Variational profiles for the functions G,W, aθ, aϕ, ρ.
that the respective total energy is finite, Emagn = 1.58
TeV, contrary to the case of the sphaleron solution.
One should stress, due to additive structure of the
SU(2) gauge invariant Abelian field strength Fµν , (17),
one has partial mutual cancelation of contributions of the
fields Fµν and Hµν . Without such cancelation, i.e., if we
neglected the field Fµν , we would have energy contribu-
tion of the Higgs field provided by the term 14H
2
mn about
4.9 TeV what is three times larger than the actual energy
1.58 TeV of the Abelian gauge field Fµν . So that inter-
action between the Higgs field and SU(2) gauge bosons
leads to significant decrease of the Abelian magnetic field
energy and provides magnetic charge screening effect in
the case of monopole like solutions.
VI. CONCLUSION
We propose a most general ansatz for static axially-
symmetric magnetic field configurations in the Weinberg-
Salam model based on gauge invariant decomposition
of SU(2) gauge potential. Introducing a unique SU(2)
gauge invariant definition for the electromagnetic vector
gauge potential we have proved that for any possible fi-
nite energy monopole like solutions the magnetic charge
of monopole (antimonopole) must be totally screened at
space infinity. Our analysis implies that finite energy
condition and equations of motion forbid existence of
solutions representing a system of monopoles and anti-
monopoles localized in different points. We have demon-
strated that known sphaleron solution represents a pair
of monopole and antimonopole placed in one point. In
general, an axially-symmetric magnetic field configura-
tion can possess a helical magnetic structure. We conjec-
ture that such a solution may exist in the standard elec-
troweak model and describe a possible simple solution
with azimuthal magnetic flux using variational method
in the case of a pure Yang-Mills Higgs theory. The solu-
tion possesses a total magnetic flux 2pi around the Z-axis.
We estimate the energy of the solution, E = 4.3 TeV. In
the case of the Weinberg-Salam model the energy of such
11
magnetic solution is expected to be of the same order
as the energy of sphaleron. So the sphaleron and the
magnetic solution with aziumthal magnetic flux could be
good candidates in search of magnetic like bound states
in the electroweak theory.
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